We describe a prioritization scheme for an allocation of a sizeable quantity of vaccine or antivirals in a stratified population. The scheme builds on an optimal strategy for reducing the epidemic's initial growth rate in a stratified mass-action model. The strategy is tested on the EpiSims network describing interactions and influenza dynamics in the population of Utah, where the stratification we have chosen is by age (0 -6, 7 -13, 14-18, adults). No prior immunity information is available, thus everyone is assumed to be susceptible-this may be relevant, possibly with the exception of persons over 50, to the 2009 H1N1 influenza outbreak. We have found that the top priority in an allocation of a sizeable quantity of seasonal influenza vaccinations goes to young children (0 -6), followed by teens (14 -18), then children (7-13), with the adult share being quite low. These results, which rely on the structure of the EpiSims network, are compared with the current influenza vaccination coverage levels in the US population.
INTRODUCTION
Prioritization for influenza vaccinations and improvement in coverage levels continue to be the subjects of investigation Patel et al. 2005; Halloran & Longini 2006; Dushoff et al. 2007; Hadeler & Mueller 2007) . Until 2008, the priority groups for influenza vaccination allocation according to the US Center for Disease Control (CDC) guidelines were children 0.5 -4 years old, adults over 50 as well as people with certain medical conditions. Data up to 2007 suggest that adults aged 18 -49 had coverage levels on par with children aged 5 -17 (CDC 2008) . In 2008, all children aged 0.5-17 were included in the priority group, with no data available yet on the effect of the recent prioritization policy on coverage levels. For the 2009 H1N1 vaccination plan, individuals aged 0.5 -24 make up one of the priority cohorts for vaccine allocation (CDC 2009). Motivated in part by the need for evidence-based guidance on those issues, we have devised a method to prioritize the allocation of a sizeable quantity of a vaccine or antivirals in a stratified population. As our strategy is identical for vaccine and antivirals (see the electronic supplementary material), we concentrate on vaccine for the rest of this paper. The setting we consider in this paper is a large population, where interactions between people and influenza dynamics are represented by a network; the explicit example we use is the EpiSims network describing the population of Utah (Barrett et al. 2008 ). The population is stratified (usually by age), and vaccine is distributed between the strata and then allocated at random within each stratum-thus, we cannot relate individuals who receive the vaccine to particular nodes on a network describing the population. We use simulations on the network to estimate the next generation matrix, whose entries represent the number of persons in one stratum infected by an average infectious person in another stratum during the exponential growth period of the epidemic. Using this matrix, we present an explicit algorithm for an allocation of a sufficiently large quantity of a vaccine between the population strata, namely we specify the (generally unequal) coverage levels in each stratum as a function of the total vaccine quantity available. In the process we also determine prioritization (ranking) for vaccine allocation among the strata-the available vaccine is distributed simultaneously for all strata, but the strata with the higher ranking get higher coverage levels. The latter prioritization may be the most important practical outcome of our approach given a number of uncertainties related to the exact allocation proportions, such as the total number of people who will get vaccinated, and the precision with which a network describes a real population. We then apply our algorithm to the EpiSims network for the population of Utah, and test its optimality by simulations.
The theoretical framework for our strategy is the optimal vaccination policy for reducing the epidemic's reproductive number in a stratified mass-action model. Equivalently, the initial growth rate of the infection is minimized when the infection is introduced into a population vaccinated (or treated) according to this allocation-all this is explained in detail in the electronic supplementary material. We note that the emphasis is not on the smallest quantity of a vaccine needed to get the reproductive number below 1 (such a quantity may be unavailable, and the precise reproductive number of the epidemic may be unknown before the epidemic starts); rather, the emphasis is on the policy for distributing some quantity of a vaccine between the strata to minimize the initial growth rate of the epidemic. Formulating such a policy with this approach requires knowledge (up to a scaling factor) of the next generation matrix, whose entries are defined as the number of new infections in one stratum caused by an average infected individual in another stratum during the exponential growth period of the epidemic; it also requires knowledge of the initial distribution of susceptibles among the strata. Our method is appropriate for a 'sizeable' (sufficiently large) quantity of vaccine; the optimal allocation of a 'small' quantity may be different.
A related allocation policy in a stratified massaction model appeared before in Cairns (1989) ; we have derived our policy following a more general model introduced in Wallinga et al. (submitted) , which is more flexible and allows for the treatment of a wider class of next generation matrices and varying vaccine efficacies among the strata. A key concept that emerges from the strategy is the least spread line. This is a line in an N-dimensional space, where N is the number of strata in the population; points (vectors) on that line represent the distributions of susceptibles to be left in the strata after an optimal allocation of a sufficiently large quantity of a vaccine; movement along the line corresponds to the varying total amounts of vaccine-see §2.2 for more details. The least spread line can be found explicitly using the next generation matrix and the initial distribution of susceptibles between the strata, by solving several systems of linear equations-see the electronic supplementary material. One can then compare the least spread line with the initial distribution of susceptibles, and devise a prioritization scheme for vaccine allocation between the strata. This paper shows that these theoretical results can be proven for a stratified population that interacts via stratified mass-action-type kinetics, in which individuals within each stratum are exchangeable. Disease transmission in real populations departs from such kinetics in several ways. Specifically, the local depletion of susceptibles among the contacts of infectious persons (owing to the clustering of transmission within infected households or school classrooms) violates exchangeability; moreover, an average infected person differs from an average person, in terms of their contacts. To test the robustness of the method to departures from its assumptions, we tested it on an explicit, individual-based simulation on the EpiSims platform, in which influenza dynamics were simulated in the population of Utah, and in which we have focused on the stratification of the population by age (0 -6, 7 -13, 14-18, adults) . In the absence of information on prior immunity, we simulate a situation in which everyone is susceptible-this may be relevant, possibly with the exception of persons over 50, to the 2009 H1N1 influenza outbreak. To find the least spread line, one needs an estimate of the next generation matrix K ¼ (k ij ), where k ij equals the number of persons in stratum i infected by an average infectious person in stratum j during the exponential growth period of the epidemic. To assess K, we have run 100 epidemic simulations with five randomly chosen persons initially infected in Utah. There was a large degree of initial stochasticity, but in the early exponential growth period, the next generation matrices were similar in different simulations.
We note that the 'dynamical' next generation matrices estimated in this fashion using an exponential growth period on a 'large' network are not rigorously defined in this paper, in part because there is no explicit analytical structure describing the network (such as a community of households)-we consider this issue further in the discussion. The dynamical next generation matrices estimated by simulations can be compared to the more classical 'static' stratified mass-action next generation matrices (Diekmann & Heesterbeek 2000; Wallinga et al. 2006; Mossong et al. 2008) , which are obtained by measuring the number of contacts in the model between a typical member of each stratum and the members of all strata, without any simulation of infection dynamics. The dynamical matrix differs from the static matrix because as the epidemic runs, local structure in the network becomes involved (infected individuals will cluster, e.g. in households, so that even at the early phase of the epidemic many contacts will be with immune persons) and because within a stratum, an 'average' person has different characteristics from an 'average infected person' (e.g. the average infected person in a stratum is likely to live in a bigger household than the average person in the same stratum). To illustrate that point, we have computed both the dynamical and the static next generation matrices and formulated 'optimal' allocation strategies for both. The matrices were quite different, giving different prioritization for vaccine allocation for the strata we have chosen. We have shown by simulations that the dynamical one is very nearly optimal, and in particular it gives lower initial growth rate for the epidemic than for the static one.
The dynamic estimate of the least spread line in our simulations consists of all multiples of the vector (0. 029, 0.115, 0.041, 0.814) . This means that given a number T of susceptibles left after a vaccine allocation, it is optimal for minimizing the initial growth rate of an epidemic to have 0.029T susceptibles in age group 0-6, 0.115T susceptibles in the age group 7 -13, etc. This constitutes a simple, explicit guideline for optimal vaccine allocation. The initial distribution of individuals according to those four age groups in Utah is (0.13, 0.125, 0.094, 0.651) . This renders an explicit formula for optimal coverage levels in the four strata as a function of the total vaccine quantity to be distributed. In particular, top priority (highest coverage levels) in an allocation of a sizeable quantity of seasonal influenza vaccinations (enough to reach the least spread line, which in our case means coverage of 20.1 per cent or more of Utah's population) goes to young children (0 -6), followed by teens (14 -18), then children 7 -13, with the adult share being quite low. We also note that for a 'small' quantity of influenza vaccinations, with no prior immunity, top priority goes to teens, who have a disproportionate number of infections in the early stages of simulated epidemics, with no vaccine used-see the electronic supplementary material for more details.
We want to point out that minimizing the initial growth rate of an epidemic is not equivalent to minimizing the epidemic's final size (see Ball & Clancy 1993; Britton 2001 for relations between the latter and the reproductive number), though the two are related. We have tested our 'optimal initial growth rate' strategy by simulations against other vaccination strategies with the same total quantity of a vaccine used. In one set of simulations, we have allowed for seasonality in transmission parameters. One hundred epidemics were simulated for each vaccination policy, and the functions C(t) representing the average cumulative number of persons infected by day t were plotted. We have found that the 'optimal' strategy indeed had the smallest initial growth rate. Moreover compared to policies which were 'far enough' from it, it did better in terms of C(t) at all times, and correspondlingly in terms of the final size. For some of the policies which were 'close' enough to the optimal, the function C(t) eventually descended below the one for the optimal policy, with a modest improvement in the final size. Previous work (e.g. Dushoff et al. 2007 ) has shown that optimizing the final size is extremely difficult and sensitive to small differences in parameter values. Moreover, the final size calculations (whether or not weighted by severity) rely on the strong assumptions of fixed conditions (no effects of seasonality, behaviour change, control measures, etc. and no further availability of vaccines), which will be violated in practice. Because these are uncertain, a strategy focused on the present (minimizing the initial growth rate) may be justified as more reliable than the one designed to optimize long-term outcomes.
Finally, our findings were compared to the current seasonal influenza vaccination coverage levels in the USA (CDC 2008) . Data up to 2007 suggest that adults aged 18-49 had coverage levels on par with children aged 5 -17. Our simulations/analysis, which rely on the structure of the EpiSims network, in particular suggest that if we vaccinated the same number of people as currently receiving the vaccine, but reduced the adult share considerably in favour of children, transmission could be significantly reduced; moreover, incorporating the existence of prior immunity should only strengthen this conclusion, assuming that prior immunity on the average increases with the age for children, and is lower than the one for adults. For the same reason, our prioritization of teens as the second most important compared to 7 -13 year olds is questionable, though both groups should receive attention, and the top priority should remain with preschool children. In that context, we are supportive of the CDC decision (CDC 2009) to include young individuals in the priority cohort for H1N1 influenza vaccination.
METHODS AND RESULTS

Minimizing the initial growth rate of an epidemic in a stratified mass-action model
Suppose we have a population, divided into N strata 1, . . . , N, with deterministic transmission according to mass-action kinetics between each pair of strata. A key quantity describing the epidemic spread in a stratified mass-action model is the next generation
Here k ij equals the number of persons in stratum i infected by an average infected person in stratum j in the early exponential growth stages of an epidemic. The quantity k ij depends on a number of factors (see Wallinga et al. submitted and the electronic supplementary material):
(i) the number s i of susceptibles in stratum i, (ii) the contact rate b ij ( per unit of time) between an average person in stratum i and the one in stratum j. We assume reciprocity of contacts, thus b ij ¼ b ji (Wallinga et al. 2006; Mossong et al. 2008) , (iii) the total infectivity (the quantity of pathogen shedding) c j of an average person in stratum j and (iv) the susceptibility (instanteneous risk of getting infected per infectious contact) parameter a i for an average person in stratum i.
Explicitly (see the electronic supplementary material for more details),
The largest eigenvalue of K is the reproductive number R 0 of the epidemic, in the absence of control measures (Diekmann & Heesterbeek 2000) . Suppose we have a fixed quantity Q of a vaccine, and we give q i doses to persons in stratum i, with Sq i ¼ Q. To simplify notation, for the rest of this paper we deal with a perfect vaccine, though the argument would also work for a 'leaky' vaccine which reduces susceptibility by a certain factor (which may also depend on the stratum), or for an antiviral, which reduces infectivity-see the electronic supplementary material. Let
be the total number of susceptibles left after vaccination. We will have s i T ¼ s i 2 q i susceptibles in 
which is ideally the target of a vaccination or antiviral distribution strategy. Finding this line amounts to solving several systems of linear equations with the coefficients depending on the next generation matrix K, and the initial numbers s i of susceptibles in each stratum.
Remark. Here, we concentrate on a vaccine which is perfect. Data from placebo-controlled trials (Belshe et al. 1998 Longini et al. 2000) suggest that this is a good approximation. Vaccine efficacy for susceptibility is estimated in the papers above to be between 83 and 92 per cent depending on the strain; vaccine efficacy against infectivity of vaccinated individuals is estimated to be about 80 per cent. Thus, a vaccinated individual would cause very few infections compared to an unvaccinated one.
Prioritization using the least spread line
In this section, we describe how to use the least spread line to prescribe the optimal allocation strategy and prioritization for vaccine distribution. We illustrate this by numerical examples in subsequent sections. Suppose we have found the least spread
is scaled so that the sum of its components equals 1. Let s init ¼ (s 1 init , . . . , s N init ) be the initial distribution of susceptibles, as a proportion of the total, so that the sum of the components of s init is also 1. Suppose we distribute quantity q of the vaccine among the strata so that stratum i gets q i doses, with P q i ¼ q-here and for the rest of this section each number is viewed as a proportion of the total initial population. Thus, the resulting distribution of susceptibles left after vaccine allocation is according to the vector s q ¼ (s 1 init 2 q 1 , . . . , s N init 2 q N ). The optimal allocation aims to get vector s q on the least spread line. This means that s q is proportional to the spanning vector s L , namely
for some p . 0. Summing the components of the vectors in the equality above, we get that 1 2 q ¼ p. Also, stratum i received
The above gives an explicit strategy for distributing the vaccine among the strata for the overall coverage level of the fraction q ¼ (1 2 p) of the population. Our 'optimal' vaccination strategy allows for the simultaneous coverage of all strata (no time ordering for coverage). However, the higher is the ratio s i init /s i L , the higher is the prescribed proportion of persons vaccinated (coverage level) in stratum i. Hence, the notion of prioritization-we order the strata according to the ratios s i init /s i L for prioritization (higher coverage levels) for vaccine distribution. Let the order of priority for the strata be
Here, stratum i 1 gets the highest priority (coverage level) for vaccine distribution (the ratio s i 1 init /s i 1 L is the highest), and the stratum i N has the lowest priority (coverage level).
Having described the optimal allocation scheme and prioritization among the strata, let us calculate the smallest vaccine quantity needed to reach the least spread line from the initial population of susceptibles. Suppose some vector p 0 s L on the least spread line requires the smallest quantity of a vaccine to reach the least spread line from the initial distribution of susceptibles. This means that one of the strata got no vaccine-otherwise, we can increase p 0 and decrease the vaccine quantity needed to reach the least spread line. As the stratum i N gets the lowest coverage upon reaching the least spread line, it must be the stratum which received no vaccine. Hence, the i N th component of p 0 s L must equal the corresponding component of s init . In other words,
, and the smallest vaccine quantity needed to reach the least spread line is
2.3. Simulation to study the robustness of optimal allocations
In the sections that follow, we describe simulation experiments to test whether our approach to defining optimal vaccination allocations is effective in synthetic populations which violate some of its assumptions. Before doing so, we briefly describe the simulation approach. Numerical simulations for an influenza epidemic were performed using two agent-based simulation platforms developed by the Network Dynamics and Simulation Science Laboratory (NDSSL) at the Virginia Bioinformatics Institute: EpiSimdemics and EpiFast. These two tools fuse data from the US census, activity surveys, Dun and Bradstreet business information, and NavTeq map information to build up an 'in silico' society among whose individuals epidemics spread. These tools are the improved versions of the original EpiSims. The overall process consists of four main steps (Barrett et al. 2008) .
(i) Creation of a synthetic population. A synthetic population of households and persons in these households is generated from the census data. Household locations are assigned to each household according to its census block and geolocated using the NavTeq street data. Using the data from the activity survey, a sequence of activities (i.e. a daily schedule of activities ordered in time) is associated to a household according to household demographics. Activities in the sequence are then associated with each household member, depending on demographics. Each activity in the sequence has a start time, an end time and an activity type (work, shop, etc.). (ii) Generation of an interacting network. Activities are located in areas where they can occur and an attractor for each possible kind of activity is associated to each activity location. For example, the attractor for 'work' activities is related to the number of employees at that location; the attractor for 'shop' activities is related to the area of retail space. A two-step gravity model employs these attractors to assign locations probabilistically for each activity in the activity sequences. Once all activities are assigned locations, sublocations are assigned to represent individual mixing groups at a single location (i.e. office, single store at a mall, etc.). The maximum number of persons simultaneously at the same sublocation is constrained by the sublocation size. Different sublocation sizes can lead to very different social networks. (iii) Simulating the epidemic process. Each person in the simulation is given a state of health, in this case drawn from the commonly used SEIR (susceptible, exposed, infectious, removed) disease model. An epidemic is then simulated as a dynamic process that traverses this social network. Nodes (i.e. people) begin the simulation as susceptible to this infectious process. Nodes can be selected at random or by their characteristics as candidates for initial infections. Infected nodes are assigned an incubation period and infectious period from a specifiable distribution. After the incubation period has expired, the node becomes infectious. During the infectious period, all connected nodes experience a daily probability of infection that depends on the duration of the contact that the edge represents. Infections occur stochastically based on these probabilities. After the infectious period expires, the node becomes removed and is no longer a member of network. (iv) Representing interventions. Interventions designed to disrupt the flow of infections across the network can be represented by altering the edges between different classes of nodes. As the edges convey the risk of infection, the absence of the edge prevents infection between two formerly connected nodes, and the scaling of the weight along this edge can represent the decreased probability of infection owing to a particular intervention. For instance, the simple case of 100 per cent effective vaccinations can be represented by removing all the edges of the vaccinated node, while the use of a leaky vaccination will result in a scaling of the weight of all the links. A social distancing measure can be represented by eliminating all the edges between individuals in the same activity location, or just some portion if one presumes that some out-of-activity contacts will persist despite the closure. In the case of school closure, all the links among children attending the same school will be removed except those arising from out-of school activities (i.e. recreational activities, shopping).
EpiSimdemics can process this data structure to calculate efficiently the second-by-second interactions of all the agents in the population and output the social network. Although EpiSimdemics can be used to simulate epidemic outbreaks in the social network, we used a much more efficient EpiFast simulation. EpiFast gains efficiencies through novel graph analytic techniques (for more details, Bisset et al. 2009 ) allowing largescale individual simulations in a fraction of the time required by the more flexible EpiSimdemics modelling platform. EpiFast supports dynamic interventions that can be triggered based on the time or level of infection in the simulation and can be applied probabilistically to the members of specified populations. Simulations were conducted on a large cluster (112 four-core 2.2 GHz cpus for HPL performance of 1.471 TFlops). Running on 20 blades, a set of 100 simulations for the Utah population would take 130 min of wall-clock time, and produce 40 MB to 1.2 GB of raw output.
Finding the next generation matrix
Entries of the next generation matrix are defined as the number of new infections in one stratum caused by an average infected individual in another stratum during the early, exponential growth period of the epidemic. One way of estimating those entries is through simulations on a network describing interactions and disease dynamics in a population. Another, more classical method, which ignores the network's local structures and assumes stratified mass-action mixing, is to estimate the 'static' next generation matrix using the contact data in a population (Wallinga et al. 2006; Mossong et al. 2008) . In this section, we define the Distribution of Vaccine E. Goldstein et al. 759 two next generation matrices and describe how their entries may be estimated for real populations (in the static case) and for synthetic populations (in both cases).
Static next generation matrix.
We define the 'static' next generation matrix as the matrix of potentially infectious contacts from persons in stratum j to persons in stratum i, which is defined up to a multiplicative constant that reflects the transmissibility of the agent and the duration of infectiousness. This is exactly the matrix measured by survey and diary studies, in which the individuals of various strata (age groups) were asked to estimate the number of contacts they had over a fixed period of time with others in each of the age groups (Wallinga et al. 2006; Mossong et al. 2008) . Entries of this matrix measure the expected number of persons in one stratum to be infected by an average individual in another stratum, in a completely susceptible population (Diekmann & Hoesterbeek 2000) . This matrix is often used as the next generation matrix for a mass-action model.
The 'dynamical' next generation matrices, counting the number of infections in one stratum caused by an average infected person in the other stratum during exponential growth periods of epidemics, are a bit different. For one thing, as the epidemic runs, local structure in the network becomes involved (infections cluster in households and other transmission groups). Also, the average infected adult in the early stage of the epidemic will differ from the average adult; for example, she s/he will tend to have more children in the household (hence be at higher risk of infection). We will estimate the 'dynamical' next generation matrices for the population of Utah using simulations in the next section. In §2.5.2, we will also compare the results of optimal vaccination strategies for the 'static' and the 'dynamical' next generation matrices.
The static next generation matrix is of the form
Here, t ij is the total amount of time spent in a common location between all persons in strata i and j during a time unit (say one day), s j is the number of persons in stratum j, D is the mean duration of an individual infectiousness period, and q is the transmissibility parameter. We can also write
measures the rate of contact between average persons in strata i and j. Such matrices were already considered in Cairns (1989) . With the Utah synthetic population and the transmissibility parameter chosen, one gets the static matrix Note that we chose a spanning vector whose sum of coordinates equals 1. Thus, given a quantity T of susceptibles left after vaccine allocation, it is optimal for minimizing the initial growth rate of an epidemic to have 0.07 . T susceptibles in age group 0 -6, 0.032 . T susceptibles in age group 7 -13, etc.
To formulate the prioritization scheme as in §2.2, we look at the ratios Higher values for those ratios correspond to higher priority strata, in terms of receiving a disproportionate quantity of a vaccine-see equation (2.1). The ratios suggest that top priority in an allocation of a sizeable quantity of seasonal influenza vaccinations (enough to reach the least spread line) goes to teens (14-18), followed by children (7-13), then young children (0-6), then adults. Finally, the minimal quantity of a vaccine needed to reach the least spread line is 1-0.743 ¼ 0.257 (see equation (2.2) 2.4.2. Dynamical next generation matrix. In this section, we describe how to estimate the 'dynamical' next generation matrix for the synthetic population, and use this matrix to find the least spread line. The dynamical next generation matrix counts the number of infections in one stratum caused by an average infected person in another stratum during the exponential growth period of an epidemic. We have used two methods to assess the next generation matrix-one more classical, and one using infectivity ratios.
In the first case, for each day t and for each simulated epidemic, we have found the X j (t) persons in stratum j who got infected on day t. We have found the Y ij (t) persons in stratum i whom those X j (t) persons have subsequently infected. We have estimated the next generation matrix K(t) ¼ (k ij (t)) with k ij ðtÞ ¼ Y ij ðtÞ X j ðtÞ :
The practical disadvantage of such a definition is that it requires epidemic conditions (exponential growth) to persist for the subsequent infectious period of individuals who got infected on day t. As a result, the stability of such matrices does not persist for too long in simulations; we have found that k ij (t) begins to decline in the end of the exponential growth period of the epidemic, representing future infections which happen under the saturation of susceptibles.
A more computationally convincing method involves infectivity ratios. Conveniently, individual infectiousness profiles on EpiSims take a whole number of days, with constant infectivity during the infectious period. For each day t, we have found the X 0 j (t) persons in stratum j who were infectious on day t. We then found the Y 0 ij (t) persons in stratum i who got infected by those X 0 j (t) persons on day t. We have estimated the next generation matrix to be K
Here, D is the mean duration of an individual infectious period (which is 4.2 days on EpiSims). Thus, k ij 2 (t) would equal the mean number of infections in stratum i caused by the infected individuals in stratum j during one day (namely day t), times the mean duration of the infectious period. If the conditions related to epidemic's progression stay constant over the infectious period of individuals in stratum j who got infected on some day t, the mean number of infections in stratum i subsequently caused by them (k ij 1 (t)) would equal k ij 2 (t); thus, the next generation matrix K 2 (t) equals the next generation matrix K(t). In practice, the period when the two matrices coincide in a simulation is rather brief; we found the infectivity ratio definition to be more computationally stable, though in principle, for an 'infinite' network, the two definitions are the same for the 'infinite' exponential growth period.
There was a large degree of initial stochasticity in the entries of K(t), but in the exponential growth period, the next generation matrices K(t) were similar in different simulations. We have estimated the next generation matrix during the exponential growth period to be The ratios suggest that top priority in an allocation of a sizeable quantity of seasonal influenza vaccinations goes to young children (0 -6), followed by teens (14 -18), then children 7 -13, then adults. The minimal quantity of a vaccine needed to reach the least spread line is 1 -0.799 ¼ 0.201, or the coverage of 20.1 per cent of the Utah population.
Testing prioritization schemes by simulations
2.5.1. Prioritization strategy using the dynamical next generation matrix. In this section, we use simulations to compare the 'optimal' allocation strategy obtained from the dynamical next generation matrix against several alternative strategies at the 20.1 per cent coverage level. In the next section, we compare the 'optimal' strategies obtained from the dynamical and the static next generation matrices, and show that the 'dynamical' one gives a lower initial growth rate. Figure 1 plots several allocation strategies with 20.1 per cent total coverage, in addition to the no coverage scenario (top graph). A hundred simulations were run with each vaccination strategy and five randomly chosen individuals initially infected. Outbreaks that did not become epidemics (under 3000 infected in total) were discarded. Each graph C(t) represents the average cumulative number of people infected up to day t for a given vaccination strategy. We see that there is a decreasing order for the graphs as we approach the 'optimal' strategy. The strategy with 55 per cent going to adults roughly corresponds to the current proportions for seasonal influenza vaccinations. Our main emphasis is on moving in the direction of the least spread line, rather than whether the least spread line is indeed optimal in terms of minimizing the final size-the latter question is addressed in the electronic supplementary material.
In the electronic supplementary material, we also consider the strategies in figure 1 with seasonality added to the transmission parameters. There, all transmission parameters are multiplied by a factor of sðtÞ ¼ 1 þ 0:5 sinðpt=180Þ:
Distribution of Vaccine E. Goldstein et al. 761 Here, t is time (in days) since the seeding on the five initially infected. The optimal dynamical strategy will still have the smallest initial growth rate; however, the strategy of 55 per cent going to adults will catch up in the final size.
2.5.2. Comparing the strategies obtained from the dynamical and the static next generation matrices. In this section, we have considered allocation strategies with 26 per cent coverage for the Utah population. Optimal 'dynamical' allocation at this coverage level corresponds to the vector s init 2 0.74s L dyn , and the optimal 'static' allocation goes according to the vector s init 2 0.74s L st . We have compared these allocation strategies by simulations, using the same protocol as in §2.5.1. The results are plotted in figure 2, where random allocation at the 26 per cent coverage level as well as no vaccination is also considered. We see that both 'optimal' strategies are better than random allocation in all regards. Comparing the 'dynamical' and 'static' optimal allocations, we see that the dynamical one has an initial advantage, yet the static one catches up and eventually has a slightly smaller final size-such a phenomenon is seen further in some simulations in the electronic supplementary material. We want to point out that the actual influenza transmission coefficients are highly seasonal, with real epidemics waning earlier than the simulated ones (which have no seasonality in transmission coefficients), and the modest gain in the final size should be further mitigated and perhaps even reversed.
DISCUSSION
We have described a prioritization scheme for an allocation of a sizeable quantity of a vaccine or antivirals in a stratified population. The scheme builds on an optimal strategy for reducing the epidemic's initial growth rate in a stratified mass-action model. The strategy is tested on the EpiSims network describing interactions and influenza dynamics in the population of Utah, where the stratification we have chosen is by age (0 -6, 7 -13, 14-18, adults) . Under the assumption that all individuals are susceptible, we have found that top priority in an allocation of a sizeable quantity of seasonal influenza vaccinations goes to young children (0 -6), followed by teens (14 -18), then children 7 -13, with the adult share being quite low. The latter assumption of a fully susceptible population may be relevant, possibly with the exception of persons over 50, to the 2009 H1N1 influenza outbreak.
Some of our findings overlap with the papers mentioned in the first paragraph of the introduction, in terms of setting up an optimization procedure to minimize certain quantities related to epidemic's spread, and emphasizing the role of children in the spread of communicable diseases, particularly influenza. At the same time, our emphasis is different from much of the previous work, which concentrated on the epidemic's final size, and the computational methods (such as a genetic algorithm or hill climbing) for minimizing it. As it was noticed before (Dushoff et al. 2007) , such optimal strategies are very sensitive to the parameters in the models. In particular they are not scalable, namely they depend on the infectivity parameter, which may be a priori unknown and may change owing to seasonality. Moreover, other conditions related to an epidemic's progression (such as people's behaviour, availability of additional vaccine and other control measures) affect the final size a great deal and make a strategy based on the final size minimization questionable. Our approach, which strives to minimize the epidemic's initial growth rate, may provide a more practical alternative. We believe that our strategy (which is scalable) is novel in the usage of the network to estimate dynamically the next generation matrix, the explicit analytical formula for the optimal coverage levels and the unified framework it provides for addressing practical questions such as prioritization for vaccine allocation in real populations.
We want to point out that the actual optimal proportions for vaccine allocation among the strata depend on the network used for simulations. Even for a specific network, these proportions vary with changing coverage levels, as seen in §2.2, while in reality, we do not know in advance how many people will get vaccinated. Moreover, the next generation matrix, assessed during the exponential growth period of a simulation, varies somewhat with simulations; this variability is amplified in some simulations owing to the spatial aspects in the case of Utah. Thus, the main result reported here is the development of the prioritization scheme for vaccine allocation, rather than the precise numbers reported for the simulated Utah population. These qualitative results may create awareness about the vulnerable strata, potentially increasing the total number of vaccinated and, at the same time, attaining a more efficient distribution of a vaccine.
We did not assess the next generation matrix statistically as we did not use averaging over simulations, a small portion of which do not have a pronounced exponential growth period when an epidemic in Utah does not pick up soon enough in Salt Lake City. Instead, we took an exponential growth period of one arbitrarily chosen simulation and selected the next generation matrix from it. We have checked that the incidence vector during the exponential growth period was very close to a leading eigenvector of the selected next generation matrix. Moreover, the next generation matrices in other simulations which exhibited clear exponential growth were similar to the one chosen. Once the next generation matrix for the network is assessed, the 'optimal' strategies prescribed by it can be tested for optimality in terms of minimizing the initial growth rate by simulations (as they were in our paper). If they perform well (as they do in our simulations), ultimately the original source of their derivation (the next generation matrix) becomes unimportant.
The dynamical next generation matrices used here are not rigorously defined. In fact, it is unclear how to proceed with such a definition for a large but finite network of significant complexity, such as a real population. It may be possible to define a next generation matrix for an infinite, self-similar network. Selfsimilarity means that a finite number of distributions (such as household/classroom/workplace sizes, school/ work/commuting times) are used to generate an infinite, synthetic population. We have not pursued this theory as developing a mathematical theory of selfsimilar networks probably requires a separate paper, and the proof of the existence of a next generation matrix for such a network sheds no light on how to estimate it for a given network.
We also want to point out that prioritization orders for the strata resulting from dynamical and static next generation matrices are different. Simulations have shown that the vaccination strategy derived using the dynamical next generation matrix gives a lower initial growth rate for the epidemic than the vaccination strategy at the same coverage level obtained from the static next generation matrix. Moreover, in our case, the dynamical next generation matrix puts more emphasis on young children (0 -6); if prior immunity were incorporated (and assumed to be increasing with age), this conclusion should only be strengthened. All this further suggests that while contact matrices (Wallinga et al. 2006; Mossong et al. 2008) can suggest good schemes for allocating interventions (the static matrix allocation is far better than random allocation), network modelsif realistic-can provide better estimates than those based on the contact matrix alone, because they incorporate the effects of local depletion of susceptibles owing to the clustering of transmission. We have found in other recent work that incorporating clustering leads to changes in the estimates of reproductive numbers and control efforts required, relative to the estimates from pure mass-action models. Once again, the differences are subtle, but suggest that the use of network information can improve the estimates of control measures (Goldstein et al. 2009 ).
Finally, we can compare our findings with the current influenza vaccination coverage situation. Our main reference for this is CDC (2008) . In 2008, CDC adopted new guidelines which include all children aged 0.5 -17 in a priority group for influenza vaccinations ( previously only children 0.5 -4 were in that group, in addition to adults over 50 and persons with certain medical conditions). No information is available yet about the effect of this measure on coverage levels. The 2006 -2007 data on influenza vaccination coverage (before the new guidelines were enacted) are given in table 1.
Our model/simulations, which rely on the EpiSims network, suggest a very modest role for adult vaccination in reducing influenza spread, even under the conservative assumption that all persons are equally susceptible. If immunity on average increases with age, as one would expect for seasonal influenza, then the role of adults should be even smaller. For the same reason, our prioritization of teens over 7 -13 year olds is questionable, though both groups should receive attention, and the top priority should remain with preschool children. In that context, we are supportive of the CDC decision (CDC 2009) to include young individuals in the priority cohort for H1N1 influenza vaccination. 
